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    Foreword   

This benchmark report has been compiled under the guidance of the NEA Working Party 
on Nuclear Criticality Safety (WPNCS) in the Subgroup on the Role of Integral Experiment 
Uncertainties and Covariance Data in Criticality Safety Validation. One of the objectives 
of this Subgroup is to complete the open tasks of its predecessor, the NEA Expert Group 
on Uncertainty Analysis for Criticality Safety Assessment (EG UACSA).  

The UACSA was established in 2008 to address issues related to sensitivity and uncertainty 
(S/U) studies for criticality safety calculations. In the first years, the group’s activity 
focused on two principal topics: estimation of the bias and its uncertainty for criticality 
safety calculations and the assessment of manufacturing/operational (including depletion 
when applicable) uncertainties. 

The expert group performed specific tasks associated with the study of uncertainty analysis 
methods and their use by criticality safety practitioners. The following areas have been the 
focus of the expert group’s work: 

• keff uncertainty due to technological or manufacturing parameters; 

• keff sensitivities to nuclear data; 

• parameter correlations between benchmarks and keff sensitivities to parameters, 
related to repeatability and reproducibility; 

• correlations in keff biases and uncertainties and their origins in benchmark 
parameter biases and uncertainties.  

The objectives of the expert group were to: 

• survey the techniques for the establishment of best-estimate results (as opposed to 
nominal or design-basis results) together with biases and uncertainties due to 
technological parameters; 

• survey the techniques and software tools for computation of keff sensitivities to 
nuclear data and draft recommendations to practitioners for using those techniques; 

• draft recommendations to the International Criticality Safety Benchmark 
Evaluation Project (ICSBEP) on methods to identify, estimate and document 
parameter correlations between different experiments and to identify, estimate and 
document keff correlations between benchmark experiments due to those 
parameters. 

The report consists of a main part and two appendices. The main part summarises and 
concludes the UACSA Phase IV Benchmark. After the introduction, Chapter 1 contains 
some general explanations and definitions, while Chapters 2 and 3 discuss the analytic toy 
model exercise. Chapter 4 describes and discusses the more realistic application cases and 
Chapter 5 concludes the main part with some remarks and an outlook on further activities.  

The UACSA Phase IV Benchmark has a long history and numerous experts have 
contributed to it with suggestions, remarks and discussions. Appendix A lists all attendees 
of the UACSA meetings since the benchmark was proposed for the first time in 2012.  

For comparison of the individual correlation matrices, the results of all evaluations were 
transformed using a unique colour scheme. Appendix B shows the correlation matrices in 
higher resolution to present more details. 
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All individual contributions, which were sent by the participants, are published as 
Complementary material to “Role of Integral Experiment Covariance Data for Criticality 
Safety Validation: EG UACSA Benchmark Phase IV” (NEA/NSC/R(2021)1)1 to account for 
the variety of approaches and efforts made during the process of generating the results. 

  

                                                      
1. www.oecd-nea.org/nsc-compl-doc 
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Executive summary 

The NEA Uncertainty Analysis for Criticality Safety Assessment (UACSA) Benchmark 
Phase IV deals with the quantification of covariances between neutron multiplication 
factors keff of criticality safety benchmark experiments and their impact on criticality safety 
validation. Generally, these covariances have an impact on the computation of the keff bias 
and its uncertainty and, hence, on the best estimate plus uncertainty keff prediction for a 
given application case. 

Covariances between neutron multiplication factors keff of benchmark experiments are 
caused by uncertainties in shared system parameters for experiments belonging to the same 
experimental series. For example, in a series of fuel lattice experiments the same fuel rods 
are generally used in different experimental arrangements, and all experiments belonging 
to this series are impacted by the same manufacturing tolerances of the fuel rods. This leads 
to non-vanishing covariances between the benchmark keff values. 

The UACSA Benchmark Phase IV included two exercises: a simple analytic toy model 
exercise and a more realistic exercise involving fuel lattice experiments from the LEU-
COMP-THERM-007/039 experimental series documented in the ICSBEP Handbook. For 
both exercises, the objective was to calculate for a series of benchmark experiments the 
covariance matrix of neutron multiplication factors due to system parameter uncertainties 
and to quantify the impact of these covariances on the keff prediction (best estimate and 
uncertainty) of an application case. 

The motivation for including an analytic toy model exercise was that it constitutes a simple 
and well-defined problem to apply the same computational steps that must be performed 
for a realistic application case. This gives the opportunity for a clean comparison between 
different computational approaches. 

For the realistic exercise, the calculations should be performed using computational tools 
typically used for licensing cases. Three different application cases were considered: a 
water-moderated pressurised water reactor (PWR) fuel assembly, and two experiments 
from the LEU-COMP-THERM-079 benchmark series. Using these benchmark 
experiments as application cases allows for a test of the applied methodology by comparing 
the predicted keff values to the experimental keff values given in the ICSBEP Handbook. 

The benchmark and surrounding discussions in and outside the WPNCS led to an 
awareness of the challenges and the development of various methodologies to account for 
shared uncertainties and covariances between benchmark experiments. Further research 
has to be conducted to draw generalised statements on the methodologies to express the 
joint variability between benchmark neutron multiplication factors in terms of covariances 
and on the evaluation of the impact of these covariances on the predictions of the bias-
corrected neutron multiplication factors.  
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1. Introduction 

The NEA Handbook of the International Criticality Safety Benchmark Evaluation Project 
(ICSBEP) (NEA, 2015) is the primary reference of criticality safety benchmark 
specifications, which is used by criticality safety practitioners all over the world to validate 
and calibrate their calculations. 
The criticality benchmarks in the ICSBEP Handbook are derived from critical experiments, 
which are defined by parameters determining the material composition, spatial dimensions 
and spatial arrangement of their components, as well as by physical state variables, such as 
temperature, and by the measured neutron multiplication factor. 
Because of manufacturing tolerances and measurement uncertainties, the parameters 
defining the actual experimental configurations are only known with limited precision. 
Therefore, the benchmark experiment specifications in the ICSBEP Handbook do not only 
include best-estimate values of the benchmark experiment parameters but also their 
uncertainties. This allows to propagate parameter uncertainties to uncertainties of 
benchmark experiment neutron multiplication factors. Expressing the benchmark 
experiment parameters as the components of a random vector 𝒙𝒙, defined by a probability 
density function (pdf) 𝑝𝑝(𝒙𝒙), the corresponding benchmark experiment neutron 
multiplication factor can be viewed as a function 𝑘𝑘(𝒙𝒙), whose pdf 𝑝𝑝(𝑘𝑘) is defined by 𝑝𝑝(𝒙𝒙). 
Often, a critical experiment belongs to a series of similar experimental configurations that 
share certain experimental components. Therefore, the benchmark experiment parameter 
vectors 𝒙𝒙𝐴𝐴  and 𝒙𝒙𝐵𝐵 of two benchmark experiments A and B belonging to the same 
experimental series generally share certain vector components, and, consequently, the 
benchmark experiment neutron multiplication factors 𝑘𝑘𝐴𝐴(𝒙𝒙𝐴𝐴) and 𝑘𝑘𝐵𝐵(𝒙𝒙𝐵𝐵) are not 
independent. Mathematically, this means that the joint pdf 𝑝𝑝(𝑘𝑘𝐴𝐴,𝑘𝑘𝐵𝐵) of 𝑘𝑘𝐴𝐴 and 𝑘𝑘𝐵𝐵 does not 
factorise into the marginal pdfs 𝑝𝑝(𝑘𝑘𝐴𝐴) and 𝑝𝑝(𝑘𝑘𝐵𝐵). This has an impact on criticality safety 
validation, since the dependence between evaluated benchmark neutron multiplication 
factors determines, inter alia, the information that is provided by a set of criticality 
benchmark experiments. 
The objective of Benchmark Phase IV is to test methodologies to express the joint 
variability between benchmark neutron multiplication factors in terms of covariances and 
to evaluate the impact of these covariances on the predictions of the bias-corrected neutron 
multiplication factors. Two different benchmark exercises are included:  

1. an analytic toy model exercise; 
2. a realistic case involving experiments with water-reflected UO2 fuel rod 

arrays. 

The report is structured as follows: Chapter 2 describes a summary of some basic 
mathematical relationships related to covariances and presents correlations. Chapter 3 
describes the toy model exercise and summarises the benchmark results obtained by the 
different participants. Chapter 4 describes the exercise related to the realistic case. Finally, 
Chapter 5 concludes the main part with an outlook on further activities. Appendix A 
contains the list of participants in this benchmark and Appendix B summarises the 
correlation matrices obtained for the two exercises. All individual contributions, which 
were submitted by the participants, are published as complementary material3.   

                                                      
3.  Complementary material to “Role of Integral Experiment Covariance Data for Criticality 

Safety Validation: EG UACSA Benchmark Phase IV” (NEA/NSC/R(2021)1), www.oecd-
nea.org/nsc-compl-doc. 
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2. Covariances and correlations between calculated benchmark  
neutron multiplication factors 

In Figure 2.1, the simple case of two benchmark experiments A and B is illustrated. Their 
respective material compositions and geometric dimensions are assumed to be completely 
defined by the system parameter sets 𝑋𝑋𝐴𝐴 ≔ �𝑥𝑥𝐴𝐴,1, … , 𝑥𝑥𝐴𝐴,𝑛𝑛𝐴𝐴� and 𝑋𝑋𝐵𝐵 ≔ �𝑥𝑥𝐵𝐵,1, … , 𝑥𝑥𝐵𝐵,𝑛𝑛𝐵𝐵�, 
respectively. Experiments A and B generally share certain system parameters, i.e. the 
intersection 𝑋𝑋𝐴𝐴 ∩ 𝑋𝑋𝐵𝐵 of the two parameter sets 𝑋𝑋𝐴𝐴 and 𝑋𝑋𝐵𝐵 is generally not empty (𝑋𝑋𝐴𝐴 ∩
𝑋𝑋𝐵𝐵 ≠ ∅). 

Figure 2.1. Two benchmark experiments A and B with common system parameters 

 
Source: NEA, 2020. 

Let 𝒙𝒙𝐴𝐴 ≔ �𝑥𝑥𝐴𝐴,1, … , 𝑥𝑥𝐴𝐴,𝑛𝑛𝐴𝐴�
𝑇𝑇 and 𝒙𝒙𝐵𝐵 ≔ �𝑥𝑥𝐵𝐵,1, … , 𝑥𝑥𝐵𝐵,𝑛𝑛𝐵𝐵�

𝑇𝑇 be the vectors whose components 
are given by the elements of 𝑋𝑋𝐴𝐴 and 𝑋𝑋𝐵𝐵, respectively. To account for the fact that 𝒙𝒙𝐴𝐴 and 
𝒙𝒙𝐵𝐵 are known with limited precision, these vectors are treated as random vectors. Hence, 
the system parameter uncertainties are expressed in terms of the respective probability 
density functions (pdfs) 𝑝𝑝(𝒙𝒙𝐴𝐴) and 𝑝𝑝(𝒙𝒙𝐵𝐵). The calculated neutron multiplication factors 
𝑘𝑘𝐴𝐴(𝒙𝒙𝐴𝐴) and 𝑘𝑘𝐵𝐵(𝒙𝒙𝐵𝐵) of experiment A and experiment B are functions of the random vectors 
𝒙𝒙𝐴𝐴 and 𝒙𝒙𝐵𝐵, respectively. Hence, 𝑘𝑘𝐴𝐴(𝒙𝒙𝐴𝐴) and 𝑘𝑘𝐵𝐵(𝒙𝒙𝐵𝐵) are random variables whose respective 
pdfs 𝑝𝑝�𝑘𝑘𝐴𝐴(𝒙𝒙𝐴𝐴)� and 𝑝𝑝�𝑘𝑘𝐵𝐵(𝒙𝒙𝐵𝐵)� reflect the uncertainties of the calculated neutron 
multiplication factors due to the uncertainties in 𝒙𝒙𝐴𝐴 and 𝒙𝒙𝐵𝐵. If 𝒙𝒙𝐴𝐴 and 𝒙𝒙𝐵𝐵 have shared 
components, 𝑘𝑘𝐴𝐴(𝒙𝒙𝐴𝐴) and 𝑘𝑘𝐵𝐵(𝒙𝒙𝐵𝐵) are stochastically dependent, i.e. their joint pdf does not 
factorise into the product of their marginal pdf (Brandt, 1999): 

𝑝𝑝�𝑘𝑘𝐴𝐴(𝒙𝒙𝐴𝐴),𝑘𝑘𝐵𝐵(𝒙𝒙𝐵𝐵)� ≠  𝑝𝑝�𝑘𝑘𝐴𝐴(𝒙𝒙𝐴𝐴)� ⋅ 𝑝𝑝�𝑘𝑘𝐵𝐵(𝒙𝒙𝐵𝐵)� . (2.1) 

The generalisation to an arbitrary number of benchmark experiments is straightforward. 
Let 𝑋𝑋1, … ,𝑋𝑋𝑛𝑛 be the system parameter sets belonging to the benchmark experiments 
1, … ,𝑛𝑛. These sets are generally not disjoint since experiments may share certain 
components. Hence, defining 𝒙𝒙1, … ,𝒙𝒙𝑛𝑛 as the parameter vectors whose components are 
given by the elements of 𝑋𝑋1, … ,𝑋𝑋𝑛𝑛, respectively, the calculated benchmark neutron 
multiplication factors 𝑘𝑘1(𝒙𝒙1), … ,𝑘𝑘𝑛𝑛(𝒙𝒙𝑛𝑛) are not mutually independent, i.e. 

𝑝𝑝�𝑘𝑘1(𝒙𝒙1), … ,𝑘𝑘𝑛𝑛(𝒙𝒙𝑛𝑛)� ≠�𝑝𝑝�𝑘𝑘𝑖𝑖(𝒙𝒙𝑖𝑖)� .
𝑛𝑛

𝑖𝑖=1

 (2.2) 
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It is convenient to view 𝑘𝑘1(𝒙𝒙1), … ,𝑘𝑘𝑛𝑛(𝒙𝒙𝑛𝑛) as the components of a vector 𝒌𝒌 of dimension 
𝑛𝑛: 

𝒌𝒌(𝒙𝒙) ≔ �𝑘𝑘1(𝒙𝒙), … ,𝑘𝑘𝑛𝑛(𝒙𝒙)�𝑇𝑇 = �𝑘𝑘1(𝒙𝒙1), … ,𝑘𝑘𝑛𝑛(𝒙𝒙𝑛𝑛)�𝑇𝑇 . (2.3) 

Here 𝒙𝒙 = (𝑥𝑥1, … , 𝑥𝑥𝑠𝑠)𝑇𝑇 is the system parameter vector whose components are given by the 
elements of the union 𝑋𝑋 of the system parameter sets 𝑋𝑋1, … ,𝑋𝑋𝑛𝑛 of all 𝑛𝑛 benchmark 
experiments: 

𝑋𝑋 = {𝑥𝑥1, … , 𝑥𝑥𝑠𝑠} = 𝑋𝑋1 ∪ 𝑋𝑋2 ∪ …∪ 𝑋𝑋𝑛𝑛 . (2.4) 

According to its definition, 𝑋𝑋 is an irreducible parameter set characterising all n benchmark 
experiments. Here the parameters 𝑥𝑥1, … , 𝑥𝑥𝑠𝑠 may usually be chosen independently. For 
example, the uncertainty in the fuel rod outer diameter is independent from the uncertainty 
in the fuel density and both are independent from the uncertainty in the moderator 
temperature. The joint pdf of 𝒙𝒙 then factorises into the product of the marginal pdfs of 
𝑥𝑥1, … , 𝑥𝑥𝑠𝑠: 

𝑝𝑝(𝒙𝒙) = �𝑝𝑝(𝑥𝑥𝑖𝑖) .
𝑠𝑠

𝑖𝑖=1

 (2.5) 

The covariance matrix 𝜮𝜮𝒌𝒌 of 𝒌𝒌(𝒙𝒙) is defined as: 

𝜮𝜮𝒌𝒌 = 𝑬𝑬[(𝒌𝒌(𝒙𝒙) − 𝑬𝑬[𝒌𝒌(𝒙𝒙)])(𝒌𝒌(𝒙𝒙) − 𝑬𝑬[𝒌𝒌(𝒙𝒙)])𝑇𝑇] 

      =  �(𝒌𝒌(𝒙𝒙) − 𝑬𝑬[𝒌𝒌(𝒙𝒙)])(𝒌𝒌(𝒙𝒙) −𝑬𝑬[𝒌𝒌(𝒙𝒙)])𝑇𝑇 𝑝𝑝(𝒙𝒙) 𝑑𝑑𝑠𝑠𝑥𝑥 , (2.6) 

where 𝑬𝑬[𝒌𝒌(𝒙𝒙)] denotes the expectation vector of 𝒌𝒌(𝒙𝒙): 

𝑬𝑬[𝒌𝒌(𝒙𝒙)] = �𝒌𝒌(𝒙𝒙) 𝑝𝑝(𝒙𝒙) 𝑑𝑑𝑠𝑠𝑥𝑥. (2.7) 

The Pearson correlation matrix 𝜬𝜬𝒌𝒌 is derived from the covariance matrix 𝚺𝚺𝒌𝒌 according to: 

𝜬𝜬𝒌𝒌 = �

1 𝜌𝜌12 … 𝜌𝜌1𝑛𝑛
𝜌𝜌12 1 ⋱ ⋮
⋮ ⋱ ⋱ 𝜌𝜌𝑛𝑛−1,𝑛𝑛
𝜌𝜌1𝑛𝑛 … 𝜌𝜌𝑛𝑛−1,𝑛𝑛 1

� ,

𝜌𝜌𝑖𝑖𝑖𝑖 =
(𝜮𝜮𝒌𝒌)𝑖𝑖𝑖𝑖

�(𝜮𝜮𝒌𝒌)𝑖𝑖𝑖𝑖(𝜮𝜮𝒌𝒌)𝑗𝑗𝑗𝑗
 . 

(2.8) 

𝜮𝜮𝒌𝒌 and 𝜬𝜬𝒌𝒌 would be diagonal if the parameter vectors 𝒙𝒙1, … ,𝒙𝒙𝑛𝑛 were mutually 
independent, i.e. if 𝑋𝑋1, … ,𝑋𝑋𝑛𝑛 were disjoint. This may be verified by inserting 𝑝𝑝(𝒙𝒙) =
𝑝𝑝(𝒙𝒙1) ⋅ … ⋅ 𝑝𝑝(𝒙𝒙𝑛𝑛) into Equations (2.6) and (2.7). If the different benchmark experiments 
have common system parameters, 𝚺𝚺𝒌𝒌 is generally non-diagonal. 

Since the neutron multiplication factors 𝑘𝑘𝑖𝑖(𝒙𝒙) (𝑖𝑖 = 1, … ,𝑛𝑛) are usually obtained 
numerically, e.g. by means of a Monte Carlo transport code, 𝜮𝜮𝒌𝒌 can hardly ever be 
evaluated by explicitly solving the integral in Equation (2.6). Hence, what is needed is 
some numerical procedure or some mathematical approximation. 
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A straightforward numerical procedure for evaluating 𝜮𝜮𝒌𝒌 involves the Monte Carlo 
sampling of the system parameter vector 𝒙𝒙 from its pdf 𝑝𝑝(𝒙𝒙) (Buss et al., 2010). Each 
random draw 𝒙𝒙�𝒊𝒊𝑀𝑀𝑀𝑀 of 𝒙𝒙 is then used as a separate input to the criticality calculations of the 
𝑛𝑛 benchmark neutron multiplication factors: 

𝒌𝒌𝑖𝑖𝑀𝑀𝑀𝑀 = 𝒌𝒌�𝒙𝒙�𝒊𝒊𝑀𝑀𝑀𝑀� = �𝑘𝑘1�𝒙𝒙�𝒊𝒊𝑀𝑀𝑀𝑀�, … ,𝑘𝑘𝑛𝑛�𝒙𝒙�𝒊𝒊𝑀𝑀𝑀𝑀��
𝑇𝑇

,
𝑖𝑖𝑀𝑀𝑀𝑀 = 1, … ,𝑛𝑛𝑀𝑀𝑀𝑀  . 

(2.9) 

Finally, after a sufficient number 𝑛𝑛𝑀𝑀𝑀𝑀 of Monte Carlo cycles 𝚺𝚺𝒌𝒌 may be approximated by 
the sample covariance matrix: 

𝜮𝜮�𝒌𝒌 =
1

𝑛𝑛𝑀𝑀𝑀𝑀 − 1
� �𝒌𝒌𝑖𝑖𝑀𝑀𝑀𝑀 − 𝒌𝒌���𝒌𝒌𝑖𝑖𝑀𝑀𝑀𝑀 − 𝒌𝒌��𝑇𝑇
𝑛𝑛𝑀𝑀𝑀𝑀

𝑖𝑖𝑀𝑀𝑀𝑀=1

,

𝒌𝒌�𝑀𝑀𝑀𝑀 =
1
𝑛𝑛𝑀𝑀𝑀𝑀

� 𝒌𝒌𝑖𝑖𝑀𝑀𝑀𝑀  
𝑛𝑛𝑀𝑀𝑀𝑀

𝑖𝑖𝑀𝑀𝑀𝑀=1

. 

(2.10) 

Another possibility to evaluate 𝚺𝚺𝒌𝒌 is based on the linear expansion approximation of 𝒌𝒌(𝒙𝒙), 

𝒌𝒌(𝒙𝒙) ≈ 𝒌𝒌(𝒙𝒙0) + 𝑺𝑺(𝒙𝒙 − 𝒙𝒙0) , (2.11) 

which is a good approximation if the system parameter uncertainties represented by 𝑝𝑝(𝒙𝒙) 
are sufficiently small. 𝒙𝒙0 in Equation (2.11) denotes the nominal vector of 𝒙𝒙 (e.g. the mean, 
median, or mode of 𝑝𝑝(𝒙𝒙)), and 𝑺𝑺 denotes the matrix of sensitivities of the benchmark 
neutron multiplication factors with respect to the system parameters 𝒙𝒙 at 𝒙𝒙 = 𝒙𝒙0: 

𝑺𝑺 ≈

⎝

⎜⎜
⎛

𝜕𝜕𝑘𝑘1
𝜕𝜕𝑥𝑥1

…
𝜕𝜕𝑘𝑘1
𝜕𝜕𝑥𝑥𝑠𝑠

⋮ ⋮
𝜕𝜕𝑘𝑘𝑛𝑛
𝜕𝜕𝑥𝑥1

…
𝜕𝜕𝑘𝑘𝑛𝑛
𝜕𝜕𝑥𝑥𝑠𝑠⎠

⎟⎟
⎞

𝒙𝒙=𝒙𝒙0

. (2.12) 

Since 𝒌𝒌(𝒙𝒙) in Equation (2.11) is approximated by a linear transformation of 𝒙𝒙 involving 
the transformation matrix 𝑺𝑺, the covariance matrix 𝚺𝚺𝒌𝒌 of 𝒌𝒌(𝒙𝒙) is approximated by a linear 
transformation of the covariance matrix 𝚺𝚺𝒙𝒙 of 𝒙𝒙 defined by the same transformation matrix: 

𝜮𝜮𝒌𝒌 ≈ 𝑺𝑺 𝚺𝚺𝒙𝒙 𝑺𝑺𝑻𝑻 , (2.13) 

with: 

𝜮𝜮𝒙𝒙 = �(𝒙𝒙 − 𝑬𝑬[𝒙𝒙])(𝒙𝒙 − 𝑬𝑬[𝒙𝒙])𝑇𝑇 𝑝𝑝(𝒙𝒙) 𝑑𝑑𝑠𝑠𝑥𝑥 . (2.14) 

Usually, one is dealing with a diagonal covariance matrix 𝚺𝚺𝒙𝒙 since 𝑥𝑥1, … , 𝑥𝑥𝑠𝑠 may usually 
be chosen independently; see Equation (2.5): 

𝜮𝜮𝒙𝒙 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝜎𝜎12,𝜎𝜎22, … ,𝜎𝜎𝑠𝑠2) . (2.15) 
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The linear transformation in Equation (2.13) then transforms a diagonal covariance matrix 
𝚺𝚺𝒙𝒙 of benchmark system parameters into a generally non-diagonal covariance matrix 𝚺𝚺𝒌𝒌 of 
calculated benchmark neutron multiplication factors. 𝚺𝚺𝒌𝒌 would be diagonal only under the 
condition that each column vector 𝒔𝒔𝑖𝑖 = (𝑠𝑠1𝑖𝑖, … , 𝑠𝑠𝑛𝑛𝑛𝑛)𝑇𝑇 of 𝑺𝑺 = (𝒔𝒔1, … , 𝒔𝒔𝑠𝑠)𝑇𝑇 had just one non-
vanishing component, i.e. if 𝒔𝒔𝑖𝑖 = �0, … ,0, 𝑠𝑠𝑗𝑗𝑗𝑗, 0 … ,0�𝑇𝑇. This is just the special case of 
disjoint system parameter sets 𝑋𝑋1, … ,𝑋𝑋𝑛𝑛, i.e. the special case that none of the benchmark 
experiments has any common system parameter with any other benchmark experiment. 
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3. Analytic toy model exercise  

The first part of the UACSA Phase IV Benchmark discusses a simple toy model. The 
motivation for an analytic toy model exercise is that it constitutes a simple and well-defined 
problem to apply the same computational steps that must be performed for a realistic 
application case. This gives the opportunity for a clean comparison between different 
computational approaches. The tasks of Phase IV-a are envisaged to not require 
development of sophisticated mathematical tools but to be solved by a simple approach, 
e.g. by using a spreadsheet application. 

3.1 Definition of the toy model 

For this exercise, it is assumed that any nuclear fuel system is completely defined by a 
three-dimensional system parameter vector4: 

𝒙𝒙 = (𝑥𝑥1,𝑥𝑥2,𝑥𝑥3)𝑇𝑇 . (3.1) 

For given system parameters 𝒙𝒙 the calculated keff value 𝑘𝑘𝐶𝐶 is given by: 

𝑘𝑘𝐶𝐶(𝒙𝒙,𝜶𝜶�) =
𝛼𝛼�1𝛼𝛼�4𝑥𝑥1

𝛼𝛼�1𝑥𝑥1 + 𝛼𝛼�2𝑥𝑥2 + 𝛼𝛼�3𝑥𝑥3
 , (3.2) 

with:  

𝜶𝜶� = (𝛼𝛼�1,𝛼𝛼�2,𝛼𝛼�3,𝛼𝛼�4)𝑇𝑇 = (9.9968,1.0066,1.0225,1.2198)𝑇𝑇 (3.3) 

The parameter vector 𝜶𝜶� is assumed to be derived from some nuclear data evaluation. 𝜶𝜶� is 
supposed to be the best estimate of the unknown vector 𝜶𝜶 = (𝛼𝛼1,𝛼𝛼2,𝛼𝛼3,𝛼𝛼4)𝑇𝑇 
corresponding to the true nuclear data. The uncertainties and correlations related to the 
estimation of 𝜶𝜶 are expressed by the covariance matrix: 

𝜮𝜮𝜶𝜶 =

⎝

⎜
⎛
𝜎𝜎𝛼𝛼1
2 0 0 0
0 𝜎𝜎𝛼𝛼2

2 0 0
0 0 𝜎𝜎𝛼𝛼3

2 0
0 0 0 𝜎𝜎𝛼𝛼4

2 ⎠

⎟
⎞

= 10−4 �

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

� . (3.4) 

Since 𝜮𝜮𝜶𝜶 is diagonal, the estimates of 𝛼𝛼1 through 𝛼𝛼4 are uncorrelated. The parameters 𝜎𝜎𝛼𝛼1
2  

through 𝜎𝜎𝛼𝛼4
2  may be interpreted as variances of normal distribution models reflecting the 

uncertainties in the estimation of 𝛼𝛼1 through 𝛼𝛼4, respectively.  

Table 3.1 contains the best-estimate values of the system parameters 𝑥𝑥1, 𝑥𝑥2 and 𝑥𝑥3 of nine 
different benchmark experiments and their corresponding standard deviations 𝜎𝜎1, 𝜎𝜎2 and 
𝜎𝜎3. These best estimates and standard deviations may be interpreted as mean values and 
standard deviations of normal distribution models, respectively. 

                                                      
4.  Please note that the considered toy model does not represent an actual fuel system. 
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Table 3.1. Benchmark system parameters and corresponding 1-σ errors  
of nine different benchmark experiments 

ID 𝑥𝑥1 𝜎𝜎1 𝑥𝑥2 𝜎𝜎2 𝑥𝑥3 𝜎𝜎3 𝑘𝑘𝐶𝐶(𝒙𝒙,𝜶𝜶�) 𝑘𝑘 

Benchmark 1 2.0072 0.05 4.0424 0.05 -0.0746 0.05 1.0174 1.0 

Benchmark 2 2.0072 0.05 1.9601 0.05 1.9292 0.05 1.0194 1.0 

Benchmark 3 2.0072 0.05 -0.0506 0.05 3.9477 0.05 1.0177 1.0 

Benchmark 4 2.0072 0.05 -2.0458 0.05 6.0650 0.05 1.0111 1.0 

Benchmark 5 2.0072 0.05 -3.9905 0.05 8.0370 0.05 1.0086 1.0 

Benchmark 6 2.0072 0.05 -6.0613 0.05 9.8448 0.05 1.0185 1.0 

Benchmark 7 2.0072 0.05 -12.0059 0.05 15.9819 0.05 1.0063 1.0 

Benchmark 8 2.0072 0.05 -16.0923 0.05 19.9995 0.05 1.0066 1.0 

Benchmark 9 2.0072 0.05 -20.0440 0.05 23.9692 0.05 1.0032 1.0 

Source: NEA, 2020. 

The second-to-last column contains the calculated keff values according to Equation (3.2), 
and the last column contains the experimental keff values k. Here the errors related to the 
keff measurements are assumed to be negligible. Hence, the k values may be regarded as 
the true neutron multiplication factors of the respective benchmark experiments. 

3.2 Definition of tasks 

1) Evaluate the 9×9 covariance matrix 𝜮𝜮𝒌𝒌 and the 9×9 correlation matrix of the nine 
calculated benchmark keff values: 

a. assuming that there is no stochastic dependence between the system parameter 
vectors 𝒙𝒙 = (𝑥𝑥1,𝑥𝑥2, 𝑥𝑥3)𝑇𝑇 of different benchmark experiments (e.g. because of 
independent production processes); 

b. assuming that system parameter 𝑥𝑥1 is identical for all nine benchmark experiments 
(all nine experiments have a common component). 

2) Estimate the bias-corrected keff value and quantify the uncertainty of this estimation for the 
application case defined by the system parameter vector 𝒙𝒙 =  (1.5,−6,10)𝑇𝑇: 

a. assuming that there is no stochastic dependence between the system parameter 
vectors 𝒙𝒙 = (𝑥𝑥1,𝑥𝑥2, 𝑥𝑥3)𝑇𝑇 of different benchmark experiments (e.g. because of 
independent production processes); 

b. assuming that system parameter 𝑥𝑥1 is identical for all nine benchmark experiments 
(all nine experiments have a common component). 

For Task 2, it may be assumed that the computational bias of keff is predominantly due to 
errors in the nuclear data. Furthermore, to facilitate matters, it shall be assumed for this toy 
model exercise that the system parameter uncertainties of the application case are so small 
that their contribution to the uncertainty of the application case’s bias-corrected keff value 
may be neglected. 
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3.3 True values 

One can never exactly know the true values of the nuclear data and the system describing 
parameters. The parameters used in the toy model were random draws from normal 
distributions using predefined true values as mean values. These true values were not given 
in the benchmark specifications and thus were unknown to the participants.  

The nuclear data vector 𝜶𝜶� used in the benchmark specification is a random draw from the 
normal distribution 𝑁𝑁(𝜶𝜶,𝜮𝜮𝜶𝜶), where 𝜶𝜶 denotes the true nuclear data vector 𝜶𝜶 =
(10,1,1,1.2)𝑇𝑇. 

Similarly, the benchmark system parameters 𝑥𝑥𝑖𝑖 used in the benchmark specification are 
random draws from the normal distributions 𝑁𝑁(𝜇𝜇𝑖𝑖 ,𝜎𝜎𝑖𝑖2), where 𝜇𝜇𝑖𝑖 denotes the true system 
parameters, as shown in the table below. 

Table 3.2. True values for the benchmark system parameters 

ID 𝜇𝜇1 𝜇𝜇2 𝜇𝜇3 

Benchmark 1 2 4 0 

Benchmark 2 2 2 2 

Benchmark 3 2 0 4 

Benchmark 4 2 -2 6 

Benchmark 5 2 -4 8 

Benchmark 6 2 -6 10 

Benchmark 7 2 -12 16 

Benchmark 8 2 -16 20 

Benchmark 9 2 -20 24 

Source: NEA, 2020. 

Using the true values of the nuclear data to calculate the application case keff value yields 
keff = 0.9474. The resulting benchmark predictions will be compared against this value. 

3.4 Summary of toy model results 

In the following, the submitted results for the toy model will be reviewed. To ensure better 
comparability, all solutions were transferred into the same colour-coded representation of 
correlation matrices. The original matrices sent by the different participants can be found 
in the complementary material of this report5. Note that only the representation was 
changed and not the received numerical values. The original intention of the toy model 
Task 1a and b was to evaluate 𝜮𝜮𝒌𝒌 as defined in Equation (2.6), i.e. the covariance matrix 
due to system parameter uncertainties only. However, results were received which also 
included the covariances due to uncertainties of 𝜶𝜶. A total six numerical results were 
submitted for Task 1a (four also including covariances due to nuclear data uncertainties) 

                                                      
5.  www.oecd-nea.org/nsc-compl-doc 
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and eight for Task 1b (four also including covariances due to nuclear data uncertainties). A 
further nine results for Tasks 2a and b were evaluated, respectively. 

3.4.1 Task 1  
Task 1a: Assuming no stochastic dependence for x1 

Per definition, the correlation matrix of an uncorrelated case is defined by the off-diagonal 
elements being zero. The diagonal elements are identical to the ones from the correlated 
case in Task 1b. However, some participants sent numerical results with values different 
from zero due to statistical uncertainties. These results could be used, e.g. to estimate 
statistical errors of the applied method. 

Figure 3.1. Results for Toy Model Task 1a: Assuming no stochastic dependence for x1 (correlation 
matrix due to system parameter uncertainties) 

 
Source: NEA, 2020. 
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Figure 3.2. Results for Toy Model Task 1a: Assuming no stochastic dependence for x1 (correlation 
matrix due to system parameter and nuclear data uncertainties) 

 
Source: NEA, 2020. 

Task 1b: Assuming stochastic dependence for x1 
In Task 1b stochastic dependence for x1 was assumed and the following results were 
received: 

Figure 3.3. Results for Toy Model Task 1b: Assuming stochastic dependence for x1 (correlation 
matrix due to system parameter uncertainties) 

 
Source: NEA, 2020.  
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Figure 3.4. Results for Toy Model Task 1b: Assuming stochastic dependence for x1 (correlation 
matrix due to system parameter and nuclear data uncertainties) 

 
Source: NEA, 2020. 

3.4.2 Task 2 
The following results were sent: 

Table 3.3. Results for Tasks 2a and 2b and the true value 

Evaluation Task 2a Task 2b 

keff 1-σ uncertainty keff 1-σ uncertainty 

A1 0.9416 0.00175 0.9416 0.00442 

A2 0.9415 0.00175 0.9393 0.0044 

A3 0.9437 0.00173 0.9460 0.00378 

B 0.9437 0.0019 0.9462 0.0039 

C 0.9433 0.0019 0.9450 0.0041 

D 0.9413 0.004 0.9465 0.004 

E1 0.9476 0.0106 0.9495 0.0108 

E2 0.9419 0.0082 0.9450 0.0089 

H 0.9536 0.0120 0.9536 0.0121 

True value 0.9474 

Source: NEA, 2020. 
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Figure 3.5. Graphic presentation of results listed in Table 3.3  

 
Source: NEA, 2020. 
 

Note: The dotted line represents the (unknown) true value of keff = 0.9474. The black values represent the 
uncorrelated case, and the red values the correlated case. The error bars indicate the 1-σ uncertainties. 

3.5 Summary of results 

The objective of the toy model was to analyse the impact of different methods to evaluate 
covariance/correlation data and to predict the bias-corrected keff values.  

The results E1 and H for the toy model Task 1a show no statistically significant correlation 
coefficients. The second group of results for Task 1a, namely participants A, D1 and E2, 
show significantly larger correlation coefficients ranging from 0.33 to 0.88. The results of 
E2 show even larger coefficients. The reason for the differences between the solutions of 
both groups is that the solutions of the second group include the correlation coefficients 
due to uncertainties of the nuclear data 𝜶𝜶�, while solutions E1 and H show the correlation 
coefficients solely due to uncertainties of the system parameters 𝒙𝒙.  

The results for Task 1b of evaluations B, C, E1 and H are in excellent agreement. All 
correlation coefficients have values around 0.7. The same agreement can be found for the 
solutions of the second group A, D and E2. The correlation coefficients cover a range of 
values between 0.45 and 0.96. The differences between the solutions of group 1 and 2 can 
again be explained by the different treatment of correlation coefficients due to nuclear data. 

The results for the bias-corrected keff values for Task 2 show generally a good agreement. 
Most results reproduce the true keff value within 1-σ uncertainty. Only the results A1 and 
A2 and the uncorrelated results of B, C, and D show a larger than 1-σ deviation. Further, it 
can be observed that the mean values of the updated results for the correlated case of B, C, 
D, E1 and E2 are larger compared to the non-correlated case. The results of H show no 
difference between the assumption of correlation and non-correlation. The mean values and 
1-σ uncertainties seem to be statistically identical. It is notable that the solutions B, C, and 
D have significantly smaller 1-σ uncertainties compared to the results E and H. The larger 
1-σ uncertainties for solutions E and H might be because frameworks were used, in which 
only the mean value but not the standard deviation is updated. The results A3 and B are 
statistically identical and are obtained with the same method. 
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4. Realistic case: Experiments with water-reflected UO2 fuel rod arrays 

This exercise is based on 21 criticality safety benchmark experiments described in the 
ICSBEP Handbook (NEA, 2015). Four experiments are taken from the series LEU-COMP-
THERM-007 (LCT-007) (Poullot and Hanlon, 2015a), namely Cases 1, 2, 3 and 4. The 
remaining 17 experiments are taken from LEU-COMP-THERM-039 (LCT-039) (Poullot 
and Hanlon, 2015b). All experiments of LCT-007 and LCT-039 were carried out in the 
“Apparatus B” facility at the Criticality Laboratory of Valduc in 1978 (Manaranche et al., 
1979; Barbry et al., 2003). 

Each of these 21 experimental configurations was defined by a single water-moderated 
array of fuel rods in a square pitch arrangement. The fuel rods contained low-enriched 
(4.738 wt.% of 235U) UO2 fuel. For each experiment, the fuel rod array was placed in a tank 
and the water level was raised close to the critical level (see Figure 4.1). The critical water 
height was then obtained by extrapolation from the subcritical water height measurements 
to the critical water height. 

Figure 4.1. Schematic overview of the experimental set-up for LCT-007 and LCT-039 cases 

 
Source: Poullot and Hanlon, 2015a.  
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The square lattice configurations corresponding to the experimental Cases 1 through 3 from 
LCT-007 are shown in Figure 4.2, and the 17 configurations from LCT-039 are shown in 
Figure 4.3 through Figure 4.5. Case 4 from LCT-007 is based on the same grid as Case 1 
but with only every second hole filled, resulting in a pitch of 2.52 cm. The details of the 
experimental set-up are given in Sections 1 and 2 while the benchmark specifications are 
given in Section 3 of the respective evaluations (NEA, 2015). 

Figure 4.2. Cases 1 – 3 from LCT-007 

 
Source: Poullot and Hanlon, 2015b. 
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Figure 4.3. Cases 1-6 from LCT-039 

 
Source: Poullot and Hanlon, 2015b. 
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Figure 4.4. Cases 7-10 from LCT-039 

 
Source:  Poullot and Hanlon, 2015b. 

Figure 4.5. Cases 11-17 from LCT-039 

 

Source:  Poullot and Hanlon, 2015b. 
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According to the description in the ICSBEP Handbook (NEA, 2015), all 21 experiments 
made use of the same experimental equipment and the same fuel rods. The material 
uncertainties and geometric uncertainties of the experimental set-up are specified in 
Section 2 of LCT-007 (Poullot and Hanlon, 2015a) and Section 2 of LCT-039 in (Poullot 
and Hanlon, 2015b). 

The fuel rods had been produced especially for experiments conducted in the “Apparatus 
B” facility. Obviously, the dependencies of the uncertainties in the fuel rod parameters of 
different fuel rods (like the fuel rod outer diameter) are determined by the fuel rod 
production process. However, since details about the production process are not available 
it is challenging to estimate these dependencies.  

The fuel pellet parameter uncertainties are treated in a bounding manner: a complete 
stochastic dependence between the fuel pellet parameters of different fuel rods is assumed. 
This means that all fuel rods are assumed to be characterised by a single parameter for the 
fuel pellet diameter, a single parameter for the fuel density, a single parameter for the 235U 
enrichment, etc. 

Figure 4.6. Positioning of fuel rod within its grid hole 

Nominal x-position of hole center

Nominal y-position of hole center

x-position of rod center
x-position of hole center

 y-position of hole center

 y-position of rod center

rclad

rhole

y

x

Grid hole

Fuel rod

θ 

 R

 
Source: NEA, 2020. 

 

Next, the remaining rod parameters will be addressed, foremost the fuel rod positioning, 
the clad inner diameter, and the clad thickness. 

The figure above displays a fuel rod within its grid hole. The displacement of its centre 
position from the nominal grid position can be described by two contributions: 
displacement of the centre of its grid hole from its nominal position, and displacement of 
the rod centre from the grid hole centre. 
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According to LCT-007/039, Section 2.2 in the ICSBEP Handbook (NEA, 2015), the pitch 
of two grid holes has an uncertainty of 𝜎𝜎𝑝𝑝 = 0.0105 cm. For two grid holes with co-
ordinates (𝑥𝑥1,𝑦𝑦1) and (𝑥𝑥2,𝑦𝑦2), which are aligned along the x-axis we obtain for the 
variance of their pitch: 

Var(Pitch) ≅ Var(𝑥𝑥1) + Var(𝑥𝑥1) − 2Cov(𝑥𝑥1,𝑥𝑥2) . (4.1) 

Assuming the positioning of one single grid hole is independent from the positioning of the 
remaining holes leads to: 

Var(𝑥𝑥1) + Var(𝑥𝑥1) =
Var(Pitch)

2
=
𝜎𝜎𝑝𝑝2

2
 . (4.2) 

And the same holds true for the y-direction: 

Var(𝑦𝑦2) + Var(𝑦𝑦2) =
Var(Pitch)

2
=
𝜎𝜎𝑝𝑝2

2
 . (4.3) 

Thus, the first uncertainty contribution to the rod centre position is fixed. Next, let us 
address the position of the rod within its grid hole. In the following, all fuel rods are 
assumed to lean on their grid hole wall, which will lead to larger uncertainties than 
assuming the grid centres are equiprobably distributed within their holes. Thus, the radial 
displacement 𝑅𝑅 from the hole centre is fixed by the grid hole radius 𝑟𝑟hole and the clad outer 
radius 𝑟𝑟clad, which is a function of its inner radius 𝑟𝑟gap and the clad thickness 𝑡𝑡clad: 

𝑅𝑅 = 𝑟𝑟hole − 𝑟𝑟clad = 𝑟𝑟hole − 𝑟𝑟gap − 𝑡𝑡clad . (4.4) 

The angular distributions of the rod centres are assumed to be independent for each rod and 
uniform for all angles6.  

The correlations of the parameters 𝑟𝑟hole, 𝑟𝑟gap, and 𝑡𝑡clad of different fuel rods are unknown. 
To study parameter correlation effects, the scenarios given in Table 4.1 will be considered.  

Scenario A assumes all rods to be positioned at their nominal grid position, i.e. the 
positioning uncertainty is neglected. Additionally, it assumes that all other parameters are 
fully correlated over the grid, i.e. there is just one value 𝑟𝑟hole, 𝑟𝑟gap, and 𝑡𝑡clad which 
describes all rods. 

Scenario B is identical to Scenario A, but the rods are leaning on the walls of their grid 
holes and the grid holes are assumed to be randomly and independently distributed. 
Scenarios C and D are mixed scenarios intended to study single effects.  

Scenario E assumes in contrast to Scenario B that the distributions for the values 𝑟𝑟hole, 𝑟𝑟gap, 
and 𝑡𝑡clad are independent for all rods. 

System parameter uncertainties, which shall be taken into account for this benchmark 
exercise, are listed in the table below. As can be seen from this table, the parameter 
uncertainties are expressed either by uniform distribution models 𝑈𝑈(𝑎𝑎, 𝑏𝑏), where 𝑎𝑎 denotes 
the minimum possible value and 𝑏𝑏 denotes the maximum possible value, or by normal 

                                                      
6.  Note that it is conceivable that all rods might lean towards one side of the grid due some 

external shock, i.e. that the angular distributions are positively correlated. However, this 
would lead to a reduction of the overall uncertainty whereas the goal of the approach 
described here is to maximise the effect in case of missing information. 
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distribution models 𝑁𝑁(𝜇𝜇,𝜎𝜎2), where 𝜇𝜇 denotes the mean and 𝜎𝜎2 denotes the variance. 
Uniform distribution models are applied only to the fuel rod inner diameter and the fuel rod 
thickness, since for these two parameters only the respective upper and lower tolerance 
limits are given, and to the angle θ, which describes the position of a fuel rod within its 
hole. 

Table 4.1. Options for correlations of benchmark uncertainties  
and for modelling of the rod position uncertainty 

 
Scenario 

Displacement of grid 
hole position 

Radial displacement of rod 
centre from the hole centre 

Grid hole 
diameters 

Fuel rod cladding 
inner diameters 

Fuel rod cladding 
thicknesses 

A None 𝑅𝑅 = 0 Correlated Correlated Correlated 

B Uncorrelated 𝑅𝑅 = 𝑟𝑟hole − 𝑟𝑟gap − 𝑡𝑡clad Correlated Correlated Correlated 

C Uncorrelated 𝑅𝑅 = 𝑟𝑟hole − 𝑟𝑟gap − 𝑡𝑡clad Uncorrelated Correlated Correlated 

D Uncorrelated 𝑅𝑅 = 𝑟𝑟hole − 𝑟𝑟gap − 𝑡𝑡clad Uncorrelated Uncorrelated Correlated 

E Uncorrelated 𝑅𝑅 = 𝑟𝑟hole − 𝑟𝑟gap − 𝑡𝑡clad Uncorrelated Uncorrelated Uncorrelated 

Source: NEA, 2020. 
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Table 4.2. System parameters and their uncertainties 

Parameter Distribution Model Model Parameters 
Fuel rod cladding inner diameter U(a,b) a = 0.81 cm, b = 0.83 cm 

Fuel rod cladding thickness U(a,b) a = 0.055 cm, b =0.065 cm 
Fuel pellet diameter N(μ,σ2) μ = 0.7892 cm, σ = 0.0017 cm  

x-displacement of hole position relative  
to nominal hole position (see Eq. (4.2)) N(μ,σ2) μ = 0 cm,   

𝜎𝜎 = 0.0105/√2 cm ≅ 0.00742 cm 

y- displacement of hole position relative  
to nominal hole position (see Eq. (4.3)) N(μ,σ2) μ = 0 cm, 𝜎𝜎 = 0.00742 cm  

Angle θ fixing position of rod centre within its grid hole U(a,b) a =0, b =2π. 
Hole diameter N(μ,σ2) μ = 1.0105 cm, σ = 0.0085 cm 

Height of fissile column N(μ,σ2) μ = 89.7 cm, σ = 0.3 cm 
Fuel density N(μ,σ2) μ = 10.38 g/cm3, σ = 0.0133 g/cm3 

Fuel impurity (atomic density of 10B) N(μ,σ2) μ = 6.9037E-08 atom/(barn·cm),  
σ = 8.0000E-09 atom/(barn·cm) 

234U content in U N(μ,σ2) μ = 0.0307 At.-%, σ = 0.0005 At.-% 
235U content in U N(μ,σ2) μ = 4.79525 At.-%, σ = 0.002 At.-% 
236U content in U N(μ,σ2) μ = 0.1373 At.-%, σ = 0.0005 At.-% 
238U content in U N(μ,σ2) μ = 95.03675 At.-%, σ = 0.01 At.-% 

Critical water height LCT-07-01 N(μ,σ2) μ = 90.69 cm, σ = 0.1 cm 
Critical water height LCT-07-02 N(μ,σ2) μ = 73.53 cm, σ = 0.1 cm 
Critical water height LCT-07-03 N(μ,σ2) μ = 77.98 cm, σ = 0.06 cm 
Critical water height LCT-07-04 N(μ,σ2) μ = 79.85 cm, σ = 0.1 cm 
Critical water height LCT-39-01 N(μ,σ2) μ = 81.36 cm, σ = 0.07 cm 
Critical water height LCT-39-02 N(μ,σ2) μ = 77.69 cm, σ = 0.06 cm 
Critical water height LCT-39-03 N(μ,σ2) μ = 73.05 cm, σ = 0.06 cm 
Critical water height LCT-39-04 N(μ,σ2) μ = 89.07 cm, σ = 0.06 cm 
Critical water height LCT-39-05 N(μ,σ2) μ = 84.37 cm, σ = 0.06 cm 
Critical water height LCT-39-06 N(μ,σ2) μ = 58.77 cm, σ = 0.06 cm 
Critical water height LCT-39-07 N(μ,σ2) μ = 69.71 cm, σ = 0.06 cm 
Critical water height LCT-39-08 N(μ,σ2) μ = 66.79 cm, σ = 0.06 cm 
Critical water height LCT-39-09 N(μ,σ2) μ = 64.47 cm, σ = 0.07 cm 
Critical water height LCT-39-10 N(μ,σ2) μ = 58.37 cm, σ = 0.07 cm 
Critical water height LCT-39-11 N(μ,σ2) μ = 81.34 cm, σ = 0.06 cm 
Critical water height LCT-39-12 N(μ,σ2) μ = 75.38 cm, σ = 0.07 cm 
Critical water height LCT-39-13 N(μ,σ2) μ = 72.52 cm, σ = 0.06 cm 
Critical water height LCT-39-14 N(μ,σ2) μ = 71.14 cm, σ = 0.06 cm 
Critical water height LCT-39-15 N(μ,σ2) μ = 69.88 cm, σ = 0.06 cm 
Critical water height LCT-39-16 N(μ,σ2) μ = 69.4 cm, σ = 0.06 cm 
Critical water height LCT-39-17 N(μ,σ2) μ = 68.75 cm, σ = 0.06 cm 

Source: NEA, 2020. 



30 | NEA/NSC/R(2021)1  

ROLE OF INTEGRAL EXPERIMENT COVARIANCE DATA FOR CRITICALITY SAFETY VALIDATION  
  

4.1 Differences to previous benchmark definition 

An earlier version of the benchmark description included some different definitions. The 
positions of the fuel rods were treated differently, leading to Options 1 to 3 instead of 
Scenarios A to E. Details are shown in the tables here-under. 

Table 4.3. Additional parameters, distributions and model parameters  
defined in an earlier version of the benchmark description 

Fuel rod pitch (for pitch 1.26 cm) N(μ,σ2) μ =1.26 cm, σ = 0.0351 cm 
Fuel rod pitch (for pitch 1.6 cm) N(μ,σ2) μ =1.6 cm, σ = 0.0351 cm 
Fuel rod pitch (for pitch 2.1cm) N(μ,σ2) μ =2.1 cm, σ = 0.0351 cm 
Fuel rod pitch (for pitch 2.52cm) N(μ,σ2) μ =2.52 cm, σ = 0.0351 cm 

Source: NEA, 2020. 

Table 4.4. Options for quantification of benchmark uncertainties  
and correlations taken from an earlier version of benchmark description 

Options → 
Parameter ↓ 

Option 1 
Uncertainty portion [%]  

Option 2 
Uncertainty portion [%]  

Option 3 
Uncertainty portion [%]  

Systematic Random Systematic Random Systematic Random 

Fuel rod pitch - 100 - 100 50 50 

Fuel rod cladding inner diameter 100 - 50 50 50 50 

Fuel rod cladding thickness 100 - 50 50 50 50 

Source: NEA, 2020. 

4.2 Phase IV-a: Generation of the integral experiment covariance data 

4.2.1 Definition of tasks 
The tasks of Phase IV-a are as follows: 

1. Evaluate the corresponding uncertainties, covariances, and correlations (Pearson 
coefficients) of the keff benchmark uncertainties based on assumptions provided in 
Table 4.1. 

a. assuming Scenario A for all 21 experiments: 

b. assuming Scenario E for experiments LCT-07 1 to 4 and LCT-39 1, 6, 7 and 8. 

c. results assuming Scenarios B, C and D are optional. 

The original benchmark specification also included the following task, which is not 
included in this evaluation report: 

2. Evaluate keff sensitivities to variation of parameters for each of the 21 
configurations assuming Scenario A.  
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4.2.2 Overview of received results  
For Task 1a, ten results were received from seven different participants. The higher 
calculational and numerical effort for Task 1b resulted in a decrease from eight to five 
participants. Two participants sent the results for the optional Task 1c. 

4.2.2.1 Task 1a: Scenario A 

Figure 4.7. Overview of received results for Scenario A  

 
Source: NEA, 2020.  
 

Note: A more detailed individual representation can be found in the corresponding Appendices. 
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4.2.2.2 Task 1b: Scenario E 

Figure 4.8. Overview of received results for Scenario E 

 
Source: NEA, 2020.  
 

Note: A more detailed individual representation can be found in the corresponding Appendices. 
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4.2.2.3 Task 1c: Optional and further results for Scenarios B, C and D 

Figure 4.9. Received results for Scenarios B, C, and D (from left to right) 

 
Source: NEA, 2020.  
 

Note: The top row shows results from Participant E, the lower row shows results from Participant H. 

4.2.2.4 Results for earlier benchmark definition 

Figure 4.10. Received result for Option 1 

 
Source: NEA, 2020.  
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Figure 4.11. Received result for Option 2 

 
Source: NEA, 2020.  

 

Figure 4.12. Received result for Option 3 

 
Source: NEA, 2020.  

4.3 Phase IV-b: Study on importance of accounting for the integral experiment 
correlations in the criticality safety validation 

The aim of Phase IV-b is to quantify the impact of the correlations established in  
Phase IV-a, Exercise 1 on the prediction of the bias-corrected keff value and its related 
uncertainty for the two application cases specified in this section. 

4.3.1 Application Case 1: Water-moderated and water-reflected 16x16 fuel 
assembly 
The first application case is a simplified 16×16 PWR fuel assembly fully reflected by water. 
The positions of the 236 fuel rods and 20 guide thimbles are shown in Figure 4.13. In 
Table 4.5, the system parameters and their corresponding uncertainties are specified. All 
additional materials like the assembly foot, assembly head and spacer grids are neglected. 
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As appears from Table 4.5, only the uncertainties in the fuel rod and guide thimble 
dimensions and in the height of the fuel column will be considered. 

Figure 4.13. Geometry for 16x16 fuel rod lattice of Application Case 1 

 
Source: NEA, 2020.  
 

Note: The squares symbolise the fuel rod positions, while the circles mark the guide thimble positions. 

Table 4.5. Parameters defining Application Case 1 

Parameter Specification Distribution Model 
Fuel Assembly 
• Square lattice 
• Fuel rod pitch 
• Number of fuel rods 
• Number of guide thimbles 

 
16×16 
1.43 cm 
236 
20 

 
- 
- 
- 
- 

Fuel Rod: 
• Pellet diameter 
• Cladding inner diameter 
• Cladding outer diameter 
• Cladding material 
• Active length 

 
μ = 9.11 mm, σ = 0.013 mm 
μ = 9.30 mm, σ = 0.04 mm 
μ = 10.75 mm, σ = 0.05 mm 
Zircaloy-2 
μ = 390 cm, σ = 1.5 cm 

 
N(μ,σ2) 
N(μ,σ2) 
N(μ,σ2) 
- 
N(μ,σ2) 

Guide Thimble: 
• Inner diameter 
• Outer diameter 
• Material 

 
μ = 12.4 mm, σ = 0.05 mm 
μ = 13.8 mm, σ = 0.05 mm 
Zircaloy-2 

 
N(μ,σ2) 
N(μ,σ2) 
- 

Fuel (UO2): 
• 235U enrichment 
• 238U content 
• UO2 density 
• Dishing of fuel pellets 

 
5 wt.-% 
95 wt.-% 
10.96 g/cm3 
no dishing 

 
- 
- 
- 

Moderator/reflector (pure water) 
• Temperature 
• Density 

 
293 K 
1 g/cm3 

 
- 
- 

Source: NEA, 2020. 
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4.3.2 Application Case 2: LEU-COMP-THERM-079 Configurations 

The LEU-COMP-THERM-079 series of experiments (Harms, 2015) implement 4.31 wt.% 
UO2 fuel rods in a hexagonally pitched array with two different fuel rod pitches of 2.0 and 
2.8 cm, as shown in Figure 4.14 and Figure 4.15, correspondingly. 

Figure 4.14. LEU-COMP-THERM-079 Case 1 with 2.0-cm pitch 

 
Source: Harms, 2015. 

Figure 4.15. LEU-COMP-THERM-079 Case 6 with 2.8-cm pitch 

 
Source: Harms, 2015. 

 

Although the intent of the benchmark is to examine 103Rh for fission product burn-up credit, 
Cases 1 and 6 from this evaluation are reference cores that contain only UO2 driver rods 
with no additional poison. The full specification of the benchmarks and their uncertainties 
is provided in the ICSBEP Handbook (Harms, 2015).  
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4.3.3 Tasks of Phase IV-b exercises 
The tasks of Phase IV-b are as follows: 

For the Application Cases 1 and/or 2, calculate the keff values, bias-corrected keff values and 
quantify the bias uncertainties based on the results of Phase IV-a (covariances generated 
for the benchmark configurations). 

a) neglecting the dependencies (correlations) between the system parameters of 
different benchmark experiments due to common components; and 

b) taking into account the dependencies (correlations) between the system parameters 
of different benchmark experiments due to common components. 

4.3.4 Overview of received results  
In total, nine different sets of results were received for the bias-corrected keff values of 
Application Case 1. Six results were sent for the bias-corrected keff value neglecting 
correlations, seven results accounting for correlations following Scenario A (and one 
assuming Option 2), and five results accounting for correlations assuming Scenario E (and 
one assuming Option 3).  

Table 4.6. Received results for Application Case 1 

Part. Prior Posterior neglecting 
correlations 

Posterior accounting for 
correlation (Scenario A) 

Posterior accounting for 
correlation (Scenario E) 

A1 0.97653 ± 0.002337 0.97995 ± 0.00101 0.97995   ± 0.00433  
A2 0.97653 ± 0.002337 0.97926 ± 0.00177 0.97926   ± 0.00420 0.97926 ± 0.00050 
B1 0.96921 ± 0.005803 0.97322 ± 0.002106 0.972428  ± 0.0020716  

B2 0.96921 ± 0.005803 0.97322 ± 0.0020971 0.972326  ± 0.0022906  

C(*) 0.96930 ± 0.00050 0.97340 ± 0.00064 0.9735  ± 0.00096 0.9733 ± 0.00088 

D 0.96915 ± 0.00009  0.97248  ± 0.005 0.97248 ± 0.00225 

E 0.96891 ± 0.006983 0.98074 ± 0.002394 0.96946 ± 0.003077 0.97118 ± 2.4153 

H1 0.97350  0.97737 ± 0.00364 0.97732 ± 0.00097 

H2 0.97383   0.97715 ± 0.00056 

Source: NEA, 2020. 
 

Note: The asterisk for Participant C is to highlight that the corresponding solutions are based on the earlier 
benchmark definition of Options 1, 2 and 3. 
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Figure 4.16. Results for Application Case 1 

 
Source: NEA, 2020.  
 

Note: The results for Participant C are based on the older benchmark definition.  

For the Application Case LCT-079 experiment 1 we received four sets of results.  

Table 4.7. Received results for Application Case LCT-079-001 

Part. Prior Posterior neglecting 
correlations 

Posterior accounting for 
correlation (Scenario A) 

Posterior accounting for 
correlation (Scenario E) 

B1 0.99785 ± 0.006054 1.0021 ± 0.0016262 1.00160 ± 0.0018384  

B2 0.99785 ± 0.006054 1.0021 ± 0.00160982 1.00141 ± 0.0021496  

D 0.99922 ± 0.00009  1.00252 ± 0.0045 1.00252 ± 0.004 

E 0.9913 ± 0.007404 0.99957 ± 0.0017656 0.99184 ± 0.003226 0.99434 ± 0.001766 

Source: NEA, 2020. 

Figure 4.17. Received results for the Application Case LCT-079 Case 1 

 
Source: NEA, 2020.  
 

Note: The grey band denotes the 1-σ uncertainty of the literature value of keff = 1.  
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4.4 Summary and discussion of results 

4.4.1 Task IV-a  
The received results for the correlation coefficients assuming Scenario A generally show 
good agreement: All results show coefficients close to one except for cases LCT-007, 
experiments 3 and 4. The latter differs from the other experiments due to moderation effects 
leading to significantly lower correlation coefficients with the remaining 19 experiments.  

The results for the keff correlation coefficients assuming Scenario E show a wide variety of 
solutions among the participants. The correlation coefficients vary from slightly negative 
values to one. Also, the patterns of the correlation matrices vary significantly between the 
different participants. The patterns of evaluations A, E and H2 are similar, as well as the 
patterns of evaluations D1 and H1. The reasons for the discrepancies seem to be the 
following: 

• Different interpretations of the benchmark specification concerning the dependent and 
independent system parameters led to different modelling assumptions. The different 
interpretations led to different modelling approaches and thus to different sensitivity 
profiles of the importance of parameter uncertainties on the keff uncertainty. If different 
parameters with different associated uncertainties play the leading role for the keff 
uncertainty, the resulting covariance and correlation coefficients differ, too. 

• Convergence of results for the correlation coefficients derived by Monte Carlo methods 
was not always reached. Stating the uncertainty due to the Monte Carlo sampling would 
allow a more thorough comparison of results. 

The optional results show good agreement for Scenarios B and C and some differences for 
Scenario D due to different interpretations of the specifications.  

Only one participant sent results based on the older benchmark definitions of Option 1, 2 
and 3 and thus no direct comparison is possible. However, the results for Option 1 can be 
compared to solutions of Scenario A. Good agreement can be found with all results for 
Scenario A, except for experiment 2 of LCT-079. The solution of Option 1 found a slightly 
decreased correlation coefficient with the remaining 20 experiments. 

4.4.2 Task IV-b 
The calculated prior keff values for the Application Case 1 can be divided into two groups. 
Participants A and H calculated higher values than Participants B, D, E and C. All results 
show an increase for the bias-corrected keff values and a decrease of the 1-sigma interval, 
except for the bias-corrected values of Participant A assuming strong correlation. It is 
notable that the results for the bias-corrected keff values are comparable for both definitions 
of the benchmark. 

The bias-corrected values of Participants B, D, E and C are all in agreement within the 1-
sigma uncertainty. The same is true for the bias-corrected values of A, H and the no-
correlation value of Participant E. Except for the latter, the discrepancy can be explained 
by the different “starting points” of the analysis, aka the a priori value. The bias-corrected 
values rely on the prior estimations and if these vary, so do the bias-corrected values.  

The results for the Application Case LCT-079 are all in agreement. The results of 
Participants B and D reproduce within 1-sigma the experimental keff value given in the 
ICSBEP Handbook (Harms, 2015). Due to the lower prior estimate of Participant E, the 
experimental keff values can only be reproduced within 2-sigma assuming Scenarios A and 
E.  
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5. Conclusions and outlook 

The objective of UACSA Benchmark Phase IV was to test methodologies to express the 
joint variability between benchmark neutron multiplication factors in terms of covariances 
and to evaluate the impact of these covariances on the predictions of the bias-corrected 
neutron multiplication factors. Two different benchmark exercises were included: an 
analytic toy model exercise and a realistic case involving experiments with water-reflected 
UO2 fuel rod arrays.  

For the analytic toy model, nine results by six participants were discussed. Including the 
correlation effects, all results reproduce the true value within 1-σ, except results A1 and 
A2, which reproduce the true value within less than 2-σ.  

For the Application Case 1 the results of five participants following the actual benchmark 
definition and one result stemming from an older benchmark definition were analysed. Six 
results include the keff values for the non-correlated and highly correlated Scenario A 
(Option 1), and only one result (Participant E) showed a notable difference from the other 
results (see Figure 4.16).  

Comparatively small variations were observed for the keff predictions of the Application 
Case LCT-079 Case 1. An exception is again the result obtained for the no-correlation 
assumption by Participant E showing a notable difference to the other results. For the three 
sets of solutions including the bias-corrected values assuming no correlation and strong 
correlation, individual consequences can be observed. Participant A finds a significant 
increase of the 1-sigma uncertainty of the bias-corrected keff values assuming strong 
correlation. Participant B finds almost no difference between assuming strong and no 
correlation. The reason for the comparatively huge difference between the results 
corresponding to the two different assumptions by Participant E might lie in an erroneous 
data file. However, to draw a definite conclusion on the impact of the investigated 
covariances on the predictions of the bias-corrected neutron multiplication factors, more 
solutions for the Application Case LCT-079 Case 1 would have been desirable, since for 
this application case the actual experimental keff value is known.  

Far more solutions for the correlation coefficients calculated in Task 2 (see Figures 4.7 and 
4.8) were received than for the bias-corrected keff values. Also, the results of the updated 
keff value and the corresponding uncertainties are the results of a lengthy calculation chain 
including numerous individual assumptions. This can be seen, for example, in the variety 
of the correlation coefficients for Scenario E in Figure 4.8. It is notable that the description 
of the Benchmark Phase IV included additional information compared to the ICSBEP 
Handbook, but participants still sometimes chose significantly different modelling 
approaches. As a result, this led to different keff uncertainties and sensitivity profiles and 
thus to sometimes significant differences between correlation coefficients. This 
individuality in the interpretation of experimental data can be referred to as a type of user-
dependent bias. 

A clear comparison between the methods used by the participants would be beneficial. This 
seems to be not straightforward, based on the received results. It is recommended to 
conduct further investigations based on far simpler and unambiguous benchmark 
definitions for which no user-specific biases hamper the comparisons between the results 
by different participants. 

Based on this report, drawing generalised statements on the methodologies to express the 
joint variability between benchmark neutron multiplication factors in terms of covariances 



NEA/NSC/R(2021)1 | 41 

ROLE OF INTEGRAL EXPERIMENT COVARIANCE DATA FOR CRITICALITY SAFETY VALIDATION 
  

and on the evaluation of the impact of these covariances on the predictions of the bias-
corrected neutron multiplication factors proves challenging.  

From a practical point of view, Benchmark Phase IV required too much time from its first 
proposal and definition in 2012 until its finalisation. Especially the crucial changes to the 
benchmark definition made over the years led to several delays in the completion of the 
benchmark tasks. Furthermore, parts of the benchmark definition were computationally 
challenging and needed significant computational power. In retrospect, a clearer and 
unambiguously defined benchmark with fewer tasks could have equally served the purpose 
and led to clearer comparisons of results. Also, more participants would have been able to 
take part and the benchmark could have been completed earlier. 

However, the benchmark and the accompanying discussions in and outside the WPNCS 
led to an increased awareness of the challenges and the development of different 
methodologies to account for shared uncertainties and covariances between benchmark 
experiments. 
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Appendix A. List of participants 
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Appendix B. Correlation matrices 

B.1 Toy model 

B.1.1 Task 1a 

 

 
Source: NEA, 2020. 



NEA/NSC/R(2021)1 | 45 

ROLE OF INTEGRAL EXPERIMENT COVARIANCE DATA FOR CRITICALITY SAFETY VALIDATION 
  

 

 

 



46 | NEA/NSC/R(2021)1  

ROLE OF INTEGRAL EXPERIMENT COVARIANCE DATA FOR CRITICALITY SAFETY VALIDATION  
  

 
Source: NEA, 2020.  

 

B.1.2 Task 1b 
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Source: NEA, 2020.  
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B.2 Scenario A 

 

Source: NEA, 2020.   
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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B.3 Scenario E 

 
Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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B.4 Optional and further results for Scenarios B, C and D 

 
Source: NEA, 2020.  

 
Source: NEA, 2020.   
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Source: NEA, 2020.  
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Source: NEA, 2020.  
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B.5 Option 1 

 
Source: NEA, 2020.  
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B.6 Option 2 

 
Source: NEA, 2020.  
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B.7 Option 3 

 
Source: NEA, 2020.  
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